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Introduction
Modeling and forecasting the term structure of interest rates are important in financial economics. Pricing financial assets and their derivatives, allocating portfolios, managing financial risk, conducting monetary policy are the essential challenges which involve interest rates and dynamic evolution of the yield curve. For that reason researchers have developed a large toolbox of models and techniques. The most popular approaches are equilibrium and no-arbitrage models. The no-arbitrage models follow the Black-Scholes framework and ensure correct pricing of derivatives; the main contributions for no-arbitrage models are Hull and White (1990) and Heath et al. (1992) . The equilibrium framework provides exact fits to the observed term structure (Longstaff and Schwartz, 1992) . However both approaches do not provide a good predictive performance, since forecasting is not the main goal of these approaches. To this end, Diebold and Li (2006) proposed the Nelson-Siegel curve with time varying parameters. The Dynamic Nelson-Siegel model has gained popularity among financial market practitioners and central banks. This relatively new dynamic factor model provides a remarkably good fit to the term structure of interest rates, where the given factors of the exponential form have a standard interpretation of level, slope, and curvature. Parametric structure of Dynamic Nelson-Siegel model leads to easy estimation and displays empirical tractability. In the same spirit generalizations of the Nelson-Siegel approach were introduced by Svensson (1995) and Christensen et al. (2009) . Dynamic factor models for yield curve modeling are reported to be extremely useful in practice (e.g., Federal Reserved Board (Gürkaynak et al., 2010) ; European Central Bank (Coroneo et al., 2008) ).
In this paper we go beyond the Nelson-Siegel structure by proposing a dynamic semi-parametric factor model. The paper's major idea is to capture the shape of the yield curve by a lower-dimensional factor representation. The latent factors are estimated non-parametrically by tensor B-splines avoiding specification issues (e.g. exponential form imposed in the Nelson-Siegel model). The choice of the B-splines series expansion is motivated by Vasicek and Fong (1982) , who first implemented it in a term structure model. Since that time B-splines series has attracted much research attention and serves as flexible yield curve modeling approach (Krivobokova et al. (2006) and Bowsher and Meeks (2008) ). Similarly to parametric Nelson-Siegel models and functional principal component analysis (FPCA, Ramsay and Silverman (1997) ), yield curve is represented as a linear combination of latent factors. The evolution in time is driven by time-varying factor loadings (in FPCA defined as scores), which are modeled parametrically employing a multivariate autoregressive approach. The factor decomposition is obtained by the Dynamic Semiparametric Factor Model (DSFM) also analyzed in Fengler et al. (2007) , Brüggemann et al. (2008) and Park et al. (2009) . Accordingly, the term structure of interests rates is modeled in terms of underlying latent factors, which are defined on the time to maturity grid space and may depend on additional explanatory variables.
The inclusion of additional regressors is motivated by Taylor's rule (Taylor, 1992) and was also picked up by , Ang and Piazzesi (2003) . The main idea is to incorporate the macroeconomic activity as a determinant of the yield curve. The connection between yield curve dynamics and contemporaneous macroeconomic fundamentals is investigated in terms of the extracted loadings. We analyze the effect of the harmonized consumer price index (INF), the manufacturing capacity utilization (CU), the unemployment rate (EMP), industrial production (IP) and the real Gross Domestic Product (∆GDP). We evaluate the short and long-run prediction power of the underlying macroeconomic fundamentals for the extracted time series.
We focus on the recent European sovereign-debt crisis. The last few years have challenged all the standard models and have revealed an urge for alternative statistical tools. Our attention is drawn by the bond markets of southern European countries, the epicenter of the recent European sovereign-debt crisis. The DSFM approach is firstly applied as a 3 domestic term structure model for each yield curve separately. Yield curve factor models differ with respect to the number of latent factors. Increasing the number of factors leads to better in-sample fit but might weaken the forecasting performance and parsimony of the model. The Nelson-Siegel model assumes three factors whereas its extension proposed by Svensson (1995) consists of four factors. To this end we investigate the number of factors required to model the yield curve reasonably well, particularly in times of financial turmoil. We select the optimal complexity of the model by statistical criteria. Flexibility of our model allows us to investigate the spatial structure of factors in dependence of additional explanatory variables. In the next step we extend our analysis to the panel data. Modeling the joint term structure of interest rates is a task of extreme importance nowadays, when financial markets have become increasingly globalized. Moreover all the countries share the same currency and monetary policy. They are members of one economic bloc and often grouped together as Euro-zone peripheral states. The joint yield curves are modeled by the panel DSFM (PDSFM) technique. This paper is structured as follows: in section 2 we describe the data set. The Dynamic Semiparametric Factor Model and the Dynamic Nelson-Siegel model are introduced in section 3. Empirical results and comparison of forecasting performance are provided in sections 4, 5 and 6. In section 7 we summarize the main contribution of the paper.
Data
In this section, we provide summary statistics on the term structure data. Our primary data sample consists of the monthly end-of-day government zero-coupon bond prices of Greece (GR), Italy (IT), Portugal (PT) and Spain (ES). We focus our analysis on the south-European states starting from the introduction of the European currency, the Euro.
Our data set covers the period from January 1999 through to March 2012. Specifically, we consider the interest rates with 11 different times to maturity X t,j ranging from 1 year to 15 years. In Figure 1 we provide a time series plots of Italian and Spanish zero-coupon yield curves. The summary statistics for all zero-curves are shown in Tables 7 and 8. The interest rate data set consists of 160 observations for each country.
To investigate the relation between term structure and macroeconomic activity we study the harmonized consumer price index (INF), capacity utilization (CU), unemployment rate (EMP), industrial production (IP) and the real Gross Domestic Product (∆GDP), observed monthly. This data is from Ecowin. 
where m l,j are common factors, Z t,l are factor loadings and ε t,j are specific errors which explain the residual part. The time evolution of Y t is represented by Z t , t = 1, . . . , T . The factors m l may be represented as a function of explanatory variable X t,j In the context of yield curve modeling, Y t,j , j = 1, . . . , J, denotes the observed term structure of interests rates observed on day t = 1, . . . , T . The corresponding time to maturity for Y t,j we denote by X t,j . Factor models have gained popularity in the 1990s and the prominent example is the Dynamic Nelson-Siegel model.
Dynamic Nelson-Siegel model
The Nelson-Siegel model fits the yield curve with:
where X t,j denotes the time to maturity and β 0 , β 1 , β 2 and λ are parameters. Parsimonious structure and an ability to provide a good fit to the cross section of yields at a given point in time is a key reason for its popularity. To understand the evolution of the interest rates over time, a dynamic representation was proposed by Diebold and Li (2006) , replacing the above parameters with time-varying ones:
where Z t = (L t , S t , C t ) are the loadings, m(·) = (1, 1−exp(−λ(·)) λ(·)
, 1−exp(−λ(·)) λ(·) − exp(−λ(·))) common factors and X t,j -time to maturity. Note that the decay factor λ t = λ is tied down to a constant, since time variability of λ t has a negligible impact on the model fit and S t and C t correspond to a level, slope and curvature of the yield curve, respectively. A first order vector autoregressive (VAR) process models the time evolution of a vector of latent factor loadings Z t :
where A is (3 × 3) parameter matrix, µ denotes a (3 × 1) parameter vector and the (3 × 1) vector η t ∼ N(0, H), H is the conditional variance which is assumed to be diagonal and 6 constant over time. The estimation of the Nelson-Siegel model follows a two-step procedure. Fixing the λ to predetermined value, the latent factor loadings Z t are estimated separately at each time point using ordinary least squares. Then, in a second step, the estimated factors can be used in a VAR model as represented in equation (5).
Dynamic Semiparametric Factor Model
The DSFM generalizes the factor models given in (1) and (4) to functions of the covariates X t,j . Therefore the model takes the form:
We assume, that the processes X t,j , ε t,j and Z t are independent. The number of underlying factors L should be smaller than the number of grid (maturity) points. The functions m l (·) are nonparametric, while the factors Z t,l represent the parametric part.
Following Vasicek and Fong (1982) , Krivobokova et al. (2006) and Lin (2002) , we select a tensor B-spline basis to approximate m l (·), l = 0, . . . , L. More formally, the factors m l (·) are represented by Aψ(·), where A = (a l,k ) ∈ R (L+1)K denotes a coefficient matrix and ψ(·) = (ψ 1 , . . . , ψ K ) is a vector of selected basis functions. K stands for the number of knots of the tensor B-splines functions. The number of knots K corresponds to a bandwidth parameter if compared to the kernel smoothing technique of Fengler et al. (2007) .
Moreover, the functions m l (·) are orthonormalized ( m l (·) = 1 and m l , m k = 0 for l = k) and identifiable up to scale and rotation transformation. The model (6) can be rewritten in terms of B-splines basis and coefficient matrix A as follows
Estimation of B-splines coefficient matrix A and low-dimensional factor loadings Z t is achieved via least squares method. Thus, the estimates A and Z t are given by to following formula
The non-linear optimization problem stated in (8) might be solved by a Newton-Raphson iterative algorithm. Some weak conditions on the initial choice of vec(A (0) ), Z (0) t ensure the convergence to the true unknown parameters matrix A and factor loadings Z t . It was proved by Park et al. (2009) , that the differences between the estimates Z t and the true, unobserved loadings Z t can be asymptotically neglected. This fact allows us to model the dynamics of factor loadings based on estimated time series and therefore study the dynamics of the main, high-dimensional object of interest.
Panel DSFM
Dynamics of the term structure of interest rates can be modeled separately for each country, similarly to other DSFM applications (Härdle et al. (2012) , Borak and Weron (2008) , Härdle and Trück (2010) ). However, following the spirit of Nelson-Siegel model we wish to have common factors for all the analyzed data, and the monetary-specific behavior captured by factor loadings Z i t , where i is the country index. Therefore, to analyze all investigated yield curves i simultaneously, we extend (7) to a panel dynamic semiparametric factor model (PDSFM), (Mysiková et al., 2011) :
Z i t,l is the fixed individual effect for country i on function m l at time point t.
The PDSFM (9) ensures exactly the same spatial structure of factors among all investigated bond markets. The joint spatial factors are denoted as m l , l = 1, . . . , L. The term structure differences between the countries and time evolution are captured by their loading time series Z i t,l . The model estimation procedure is similar to DSFM estimation, however instead of (8), similarly to common panel data models the sum of squared 8 residuals is minimized
It is worth noting that given (Z 1 , . . . , Z I ) or A, function S in (10) is quadratic with respect to other variables and therefore the solution can be found by ordinary least squares (OLS) method. To find the solution (
the following iterative algorithm, similarly to Fengler et al. (2007) . (i) Given the initial 
DSFM L selection
An important parameter in our model is the number of factors (and corresponding factor loadings) L. The choice of L here is based on the explained variance by factors:
In the PDSFM the number of factors is based on the model's explained variance EV which is an average of EV of all analyzed countries. We evaluate the model's goodness-of-fit by the root mean squared error (RMSE) criterion,
Estimation Results
To model the yield curve dynamics we implement both DSFM as a domestic model and the panel version PDSFM applied to all states simultaneously. We model first the term 9 L = 1 L = 2 L = 3 L = 4 L = 5 L = 6 Ang and Piazzesi (2003) and Hautsch and Ou (2012) we include macroeconomic variables such as the inflation rate, which may have an impact on the term structure.
Domestic Yield Curve Modeling
In a first step the DSFM was calibrated to the data set comprising the entire period for the term structures domestically (for Greece the period was truncated to 30 June 2011 due to extraordinary high observations). The curve dynamics are modeled in dependence of one regressor: the maturity time. As described in section 2 the members of the yield curve are fixed across time. Thus, we specify the knots as the time to maturity grid and the order of tensor B-splines is set to 1. The results of the selection of factors L are reported in Table 1 . The higher the number of factors, the better is the general fit, Figure 4 depicts the estimated first factor. The first factor represents the slope similar to Diebold and Li (2006) . We find out that the corresponding Nelson-Siegel slope factor is strikingly different. The shape of the DSFM slope is remarkably similar across countries.
The slope is steeper though for short maturities (especially for Greece), more weight is attributed to shorter maturities (1 -3 years). We attribute it to the economic stagnation that depressed the short rates relative to the benchmark 10 year rate (although overall rates are high). The first factor for Greece is convex and increases slightly for the long maturities. For the remaining countries the slopes are almost identical. The second factor m 2 across countries is shown in Figure 5 . We observe that they are different from the Nelson-Siegel factors, decrease with the maturity, and exhibit a country-specific peak. The DSFM second factor decreases, but for Portugal it increases with the time to maturity. We also attribute the second factor to the slope of the yield curve.
These findings can be summarized as follows. The nonparametric estimates are similar to the Nelson-Siegel slope factor. There is no curvature factor present for the southern European yield curve dynamics. Their term structure of interest rates and extracted model factors are similar, just as characteristics of their economies are. The impact of the crisis is reflected by the steepness of the first DSFM factor, especially for severely struck Greece. Table 2 we report the stationarity and unit root tests on the first differences of extracted yield curve factor loadings. ∆ Z t def = Z t − Z t−1 are (weak) stationary processes (H 0 is not rejected at significance level α = 5%) for all analyzed countries. Based on those diagnostics we consider VAR as a suitable model for dynamics of the extracted ∆ Z t . The order p of VAR(p) is determined by Schwarz and Hannan-Quinn information criteria (see Table 9 ). The selected specification will be kept for the 13 reminder of the analysis. 
Factor Loadings and Yield Curve Dynamics

Yield Curve Modeling in Dependence of Further Explanatory Variables
Dynamic term structure models assume that the time evolution of the yield curve is driven by a (finite) number of latent state variables. A large body of literature studies the economic cause of yield curve factors, see Diebold et al. (2005) and Hautsch and Ou (2012) . The explicit relation between term structure and fundamental macroeconomic variables led to the Taylor rule (Taylor, 1992) , (Ang and Piazzesi, 2003) . This approach provides a convenient way to relate yield curve dynamics with macro data. There are however residual variations in the term structure that are not captured and explained via the inclusion of macro variables. To this end we exploit the DSFM and implement addi- Figure 7 : Estimated factors with respect to maturity and inflation rate using domestic DSFM approach with two factors similar for all states. Secondly, the highest impact is observed on the short rather than on the long rates with a peak at inflation rate around 2%. This central peak may be attributed to the target inflation rate of the central bank. For all countries we observe the decaying impact of the inflation rate for higher maturities; what is in line with expectations. Though the term structure and the harmonised consumer price index are interconnected, it does not improve the model's goodness-of-fit (see Table 3 ) due to complicity and computational limitations.
Panel Yield Curve Modeling
The domestic interest rate data is demeaned by the country-specific constant factor m 0 . The estimated three factors of PDSFM are depicted in Figure 8 . The first factor is almost constant over all different maturities, thus one can attribute it to the overall level of the yield curve. The slope structure of the second PDSFM factor is noticeably similar to the Nelson-Siegel framework. The third function though does not have a counterpart in the Nelson-Siegel model. It is decreasing for the short maturities and has a bump around the 6 year rate. It is worth noting that the overall performance of the PDSFM is worse than the domestic DSFM approach. One has to include additional factor to explain the same proportion of variation in the data. As expected, the analyzed countries, while sharing some common characteristics, are remarkably different with respect to the bond market (volume, liquidity) and economic policy. Those differences are reflected by the higher order of the model. 
Factors and macroeconomic fundamentals
In this section we examine the relationship between the factor loadings and the macroeconomic environment. For simplicity of presentation we focus on Italy, which is the third largest bond market in the world and the largest economy among the countries considered. Our analysis is based on five macroeconomic variables: the harmonized consumer price index (INF), the manufacturing capacity utilization (CU), the unemployment rate (EMP), industrial production (IP) and the real Gross Domestic Product (∆GDP). The variable selection is motivated by and Hautsch and Ou (2012) . The analysis of the contemporaneous correlation between extracted yield curve factor loadings and macroeconomic variables (observed monthly) is done by the regression.
The results reported in Table 4 show that the differentiated estimated yield curve first factor loading is driven by the macroeconomic. The explanatory power of macroeconomic variables on the second factor reaches just 6%. We have to note here that both factor To investigate the predictability of the DSFM yield factors and their dynamic interdependencies between macroeconomic activity measures, we estimate a VAR(1) model of the yield factors and macroeconomic fundamentals:
where
The estimation results are shown in Tables 5. We can summarize that the factor loadings primarily depend on their own lags and on those of other factors. Secondly, it is shown that factor loadings are not predictable, based on macroeconomic variables. The coefficients in the estimated VAR(1) matrices are significantly different than 0 for diagonal elements. We analyze the long-term relations between the yield curve factor loadings and macroeconomic variables by prediction error variance decomposition implied by the VAR estimates. We can summarize the following results. Firstly, in the long perspective, prediction error variances Sample period 199901 − 201203 of factor loadings Z t are not explainable by the macroeconomic fundamentals. The contribution is only up to 10%, see Figure 13 . Hence, in line with we report, that yield curve factor loadings are not predicible by the given macroeconomic data set.
Forecasting
Setup
The aim of this section of the paper is to analyze the model's forecasting performance, especially in comparison to the dynamic Nelson-Siegel model as a natural competitor. As in the previous section (5), we focus our analysis on the Italian term structure data. We undertake a short-term forecasting exercise in deriving term structure of interest rates monthly, in times of financial distress 2007 − 2012. The models are re-estimated every month exploiting the past information over a whole analyzed period. In accordance with our in-sample analysis reported in the previous section, the domestic DSFM approach with two factors without additional explanatory variables is applied. Secondly, the specified VAR(p) model for domestic term structure is used to forecast. A natural benchmark is the dynamic Nelson-Siegel model. The forecasting horizon is up to 12 months (observations) ahead. The prediction quality is measured using the root mean squared prediction error (RMSPE) given by
The prediction performance regarding particular maturities j is compared using the following formula 
Conclusion
We propose a dynamic semiparametric factor model (DSFM) to model the term structure of interest rates. The DSFM approach was encouraged by the success of factor models.
The assumption of parametric, exponential form of the Nelson-Siegel factors is relaxed, they are estimated nonparamatrically. Our framework is flexible and parsimonious. That zero-curves is described by two dynamic factor loadings and one constant function that corresponds to the "averaged" yield curve.
The model is applied to four southern European bond markets over the period January 1997 -March 2012. The focus is on the recent European sovereign-debt crisis. It is shown that two underlying factors can explain more than 95% of in-sample variations of the domestic zero-curve dynamics. Both factors (ordered in terms of explained variance) correspond to the yield curve's slope. The proposed model achives an explanatory power of 98%, where the inclusion of the third factor does not lead to a significantly better in-sample fit. The extracted factor loadings are unit root processes and reavel high persistency, similar to the zero-curves. The contemporaneous realation with macroeconomic fundamentals is not clearly revealed by the regression analysis due to a structural break in the data. We reported the R 2 criterion 16% for the first factor and 6% for the second one. Though it is known that yield curves are driven by explanatory variables i.e. the inflation rate, those variables do not improve the model's goodness-of-fit. 3-year -0.0048 -0.0056 0.3826 0.1485 9.5065
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